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The problem

This talk is about a nonautonomous dynamical system and its pullback
attractors corresponding to different forcing agents

The stress will be put on the ability of such time-dependent objects to reveal
fundamental and often unexpected dynamical features

The model used here is low-dimensional and derives from a relevant
oceanographical problem. However, this should be seen as a prototype of an
excitable nonlinear dynamical system with time-dependent forcing that may
evidence basic features of climate change in the presence of natural variability



The problem

The PBA is a mathematical tool which provides the extension to a
nonautonomous dissipative dynamical system (for which the external
forcing and/or some parameter depend on time) of the classical
concept of attractor of the corresponding autonomous system

From 
Sévellec & 
Fedorov 

(2015, EPSL)

The correct description of a changing climate subjected to both natural and anthropogenic forcing requires
the knowledge of the time-dependent probability distribution associated with the climate’s
pullback/snapshot attractor (PBA) (e.g., Romeiras et al. 1990; Ghil et al 2008; Chekroun et al., 2011; Bódai et
al. 2011; Drótos et al. 2015, 2016; Ghil and Lucarini 2020; Tél et al. 2020, Pierini and Ghil 2021)

The analysis of the system’s PBA reveals some fundamental and sometimes unexpected dynamical features

The resulting description can be considerably different from the classical one based on the 30-year temporal
average of a single long time series of climatological data, whether observed or simulated numerically: this is
basically due to the nonergodicity of aperiodically forced systems (e.g., Drótos et al. 2016)

The PBA is estimated numerically by performing an ensemble of many forward time integrations differing
only by their respective initializations. The integrations go well beyond the system’s predictability time



The problem

The model

- Periodic forcing

- Aperiodic forcing

- Monotonically drifting forcing

Conclusions



The model

The Kuroshio Extension intrinsic low-frequency variability was previously studied by means of a system of
3 PDEs (Pierini 2006, 2014a, Pierini, Dijkstra & Riccio, 2009, etc.)

A low-order model (4 ODEs) was then developed (Pierini 2011) to obtain an agile mathematical tool with
which ensemble simulations could easily be carried out

In this presentation the PBAs of such excitable low-order quasigeostrophic ocean model are discussed



Pierini (2011, 
J. Phys. Oceanogr.)The model

…

W=G(t)w



𝜓 𝐱, 𝑡 :
transition to 

large-amplitude 
relaxation oscillations (ROs)

transition to chaos 

Pierini (2011, 
J. Phys. Oceanogr.)The model

autonomous 
system’s behavior 

(𝐺 = 𝛾)

dimensional 𝑡 is used in the 
graphs to keep memory of the 

original physical problem

excitable ROs   self-sustained ROs

excitable 
system
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Periodic forcing
Pierini (2014b, J. Phys. Oceanogr.)

cyclostationarity                        cycloergodicity       chaotic solution



Periodic forcing

*e.g., see Crucifix (2013)
for examples relevant 
to climate dynamics

Pierini (2014b, J. Phys. Oceanogr.)

TIID: total independence from the initial data



LOM
Pierini (2014b)

G

Periodic forcing
Pierini (2014b, J. Phys. Oceanogr.)

To characterized this behaviour, Pierini, Ghil
and Chekroun (2016) introduced a parameter s:

This turns out to be a valuable tool for any type
of forcing (see later)

s: mean 
normalized 

distance

completely different evolutions 
emerge from two basins of attraction, 

as evidence in the plane set G



Periodic forcing

Transition to chaos has 
been considered very 

extensively in this case

Transition to chaos 
due to periodic forcing 

is less studied



Periodic forcing
Pierini, Chekroun & Ghil (2018,

Nonlin. Processes Geophys.)

𝑁 = 15,000 initial points

Ψ3

Ψ3

15,000 
initial points

s s

this is the periodically forced chaotic case shown in a previous slideautonomous non-chaotic case

15,000 
initial points

Ψ1

s>1 is a necessary, but not 
sufficient condition for chaos



Periodic forcing
Pierini, Chekroun & Ghil (2018,

Nonlin. Processes Geophys.)

this is the periodically forced chaotic case shown in a previous slideautonomous non-chaotic case

Ψ1

Ψ3

Ψ3



Periodic forcing
Pierini, Chekroun & Ghil (2018,

Nonlin. Processes Geophys.)

How to recognize chaos?
Pierini, Chekroun & Ghil (2018) proposed a cross-correlation 

diagnostics to investigate the transition to chaos  

𝜎 > 1



Periodic forcing
Pierini, Chekroun & Ghil (2018,

Nonlin. Processes Geophys.)

This cross-correlation diagnostics is a 
useful tool also for autonomous and 

aperiodically forced systems

Θ0 = 0.8

chaos
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Pierini (2012, Phys. Rev. E)
Aperiodic forcing𝐺 𝑡 = 𝛾 1 + 𝜀

𝜁 𝑡

𝜎𝜁

Ψ1, Ψ3

Ψ2, Ψ4
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(e=0.1, Ts=0.1 yr) (e=0.1, Ts=2 yr)

excited 
relaxation oscillations

subcritical limit cycle
𝛾 = 0.94

supercritical
relaxation oscillation

𝛾 = 1.02

subcritical limit cycle 
subjected to an 

Ornstein-Uhlenbeck 
noise

autonomous system perturbed excitable* system,
no relaxation oscillations

*subcritical

perturbed excitable system,
excited relaxation oscillations

Coherence Resonance

(Pikovsky and Kurths, 1997)



Pierini, Ghil & Chekroun 
(2016, J. Climate)Aperiodic forcing

This idealized aperiodic forcing 
mimics the North Pacific 
multidecadal variability in view 
of a minimal representation of 
the Kuroshio Extension 
low-frequency variability

The coherence resonance 
mechanism cast in a 
deterministic framework 
is clearly playing a relevant role 
in shaping the PBAs



Pierini, Ghil & Chekroun 
(2016, J. Climate)

restricted regions over the 
PBA exist in which 

two nearby points diverge 
during their evolution and

two others do not

The corresponding subsets 
are intertwined over the PBA

Intersection with the 
Ψ1, Ψ3 plane at 

𝑡 = 330 𝑦𝑟 of 15 000
trajectories (gray dots) 

emanating from the 
whole set Γ, and from

boxes 3 and 4 (cyan 
dots) and C (red dots)

Chimera-like behavior

Aperiodic forcing



Pierini (2020, J. Stat. Phys.)
Aperiodic forcing

This is another example 
of idealized hindcast



Pierini (2020, J. Stat. Phys.)
Aperiodic forcing

A single 3 -time series evidences an intrinsic relaxation oscillation paced and
modulated by the forcing

The PBA shows that the phases of the relaxation oscillations are not
distributed randomly but are, instead, clustered in some groups due to the
pacing of the time-dependent forcing

Thus, the ensemble mean feels strongly the clustering of the ROs

→ The ensemble mean depends crucially on intrinsic aspects of the LF
variability, therefore, it cannot be unambiguously identified with the FV if
internal modes of variability are present (as happens very often)

The ensemble mean of a high-resolution global OGCM is expected to depend
less dramatically on the intrinsic dynamics, e.g., as in the OCCIPUT ensemble
simulation (Penduff et al. 2014, 2019, etc.). But even in that case the ensemble
mean is likely to preserve some imprint of the intrinsic dynamics in specific
geographical regions

“intrinsic variability” (ensemble spread 𝝈)

“forced variability” (ensemble mean Ψ3 )

… disentangling the intrinsic and forced variability …
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Pierini & Ghil 
(2021, Sci. Rep.)Monotonically drifting forcing

For each value of t, an ensemble simulation (ES) of 168 members
differing only by their initial points is computed to estimate the
model’s PBA

The definition of a TP for the time-dependent forcing is extended to an ES as follows: 
𝒕𝒕𝒑 is the time at which, for the first time in any of the ES members, 𝚿𝟑 < 𝚿𝟑𝐜

Themonotonically increasing component stands for the effect of
amplification in the midlatitude winds due to anthropogenic
warming, while the small periodic perturbations can be thought
of as the seasonal-to-interannual variability in the wind stress

Ψ3𝑐

ramp                      ramp + periodic perturbation 

time (yr)                                                     time (yr)         



Pierini & Ghil 
(2021, Sci. Rep.)Monotonically drifting forcing

The forcing amplitude at the transition
𝐺𝑡𝑝 (𝑜𝑟 𝐺𝑡𝑝

∗ ) → 𝛾𝑐 = 1 as 𝛿 → 0

This is because an infinitely slow increase of
𝐺 𝑡 takes the system from the excitable
regime to the RO regime adiabatically through
a sequence of quasi-autonomous states

In all experiments 
the final value of 𝐺 is 1.2

Note that, in general, 𝐺𝑡𝑝 𝑜𝑟 𝐺𝑡𝑝
∗

depends on 𝛿, but also on the initial
value of 𝐺 = 𝛾



However, if the forcing is perturbed by a
periodic component (𝛽 ≠ 0) the scenario
changes drastically:

• The forcing level at the tipping point
decreases substantially

• over a certain range of 𝛿 –values,

𝑮𝒕𝒑 𝒐𝒓 𝑮𝒕𝒑
∗ depends only on the drift

rate 𝜹!

rate-induced tipping 
in an excitable system

Pierini & Ghil 
(2021, Sci. Rep.)Monotonically drifting forcing

e.g., see Ashwin et al. (2012), Vanselow,
Wieczorek, and Feudel (2019), etc.

𝐺𝑡𝑝 𝑜𝑟 𝐺𝑡𝑝
∗ depends on 𝛿

but also on the initial value of 𝐺 = 𝛾



Pierini & Ghil 
(2021, Sci. Rep.)Monotonically drifting forcing

Nonlinear resonance



Pierini & Ghil 
(2021, Sci. Rep.)Monotonically drifting forcing

TIID: total independence 
from the initial data

The degree of clustering is basically preserved under periodic perturbation. 
Thus, TIID appears to be a fairly robust feature



Conclusions

The pullback attractor is a mathematical tool required to characterize a nonautonomous dissipative
dynamical system. Thus, it is also an extremely power tool to reveal fundamental and often unexpected
dynamical features

The analysis of the PBAs of a low-order ocean model subjected to

In all cases, the coexistence of completely different evolutions within the same PBA is found

- periodic forcing has revealed:

• the cyclostationarity and cycloergodicity of chaotic solutions
• cases of generalized synchronization
• the ways in which chaos is induced by the forcing

- aperiodic forcing has revealed:

• the role played by coherence resonance in shaping the response
• the difficulty of unambiguously disentangling the forced and intrinsic

variability in the presence of internal modes of variability

- monotonically drifting forcing has revealed:

• the peculiar way in which the tipping points, leading
to a supercritical response, occur

• cases of rate-induced tipping
• cases of nonlinear resonance
• the clustering of trajectories and phase coherence

Future studies include: 

(i) Further analyses on aperiodic and monotonically drifting forcing cases (focusing on rate-induced tipping)

(ii) Application to phase space topology, templex (Gisela Charó’s talk on Friday)

(iii) Application of the same methodologies to the abrupt late Pleistocene glacial terminations according to
the deterministic excitation paradigm (Pierini 2023, Chaos)
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