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The problem



The problem

This talk is about a nonautonomous dynamical system and its pullback
attractors corresponding to different forcing agents

The stress will be put on the ability of such time-dependent objects to reveal
fundamental and often unexpected dynamical features

The model used here is low-dimensional and derives from a relevant
oceanographical problem. However, this should be seen as a prototype of an
excitable nonlinear dynamical system with time-dependent forcing that may
evidence basic features of climate change in the presence of natural variability



The problem

The correct description of a changing climate subjected to both natural and anthropogenic forcing requires
the knowledge of the time-dependent probability distribution associated with the climate’s
pullback/snapshot attractor (PBA) (e.g., Romeiras et al. 1990; Ghil et al 2008; Chekroun et al., 2011; Bédai et
al. 2011; Drétos et al. 2015, 2016; Ghil and Lucarini 2020; Tél et al. 2020, Pierini and Ghil 2021)
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The resulting description can be considerably different from the classical one based on the 30-year temporal
average of a single long time series of climatological data, whether observed or simulated numerically: this is
basically due to the nonergodicity of aperiodically forced systems (e.g., Drotos et al. 2016)

The PBA is estimated numerically by performing an ensemble of many forward time integrations differing
only by their respective initializations. The integrations go well beyond the system’s predictability time

The analysis of the system’s PBA reveals some fundamental and sometimes unexpected dynamical features



The model



The model

The Kuroshio Extension intrinsic low-frequency variability was previously studied by means of a system of
3 PDEs (Pierini 2006, 2014a, Pierini, Dijkstra & Riccio, 2009, etc.)

time-independent surface wind stress

altimeter data model results
(Qiu and Chen, 2005) (Pierini, 2006)

A low-order model (4 ODEs) was then developed (Pierini 2011) to obtain an agile mathematical tool with

which ensemble simulations could easily be carried out

In this presentation the PBAs of such excitable low-order quasigeostrophic ocean model are discussed



The model

The model is based on the evolution equation of potential
vorticity in the QG reduced-gravity approximation,

d(_ - P\ - —_ _ _ _, - curl,T
ﬁ(vz ——)+J(W1V2¢)+ﬁ¢x=—rvzw+ oH

L%

that can be adimensionalized as follows:

d
(V3 — F) + Y] (. T3p) + th, = —RVZp — T,

The truncated spectral model is obtained by expanding the
stremfunction  as:

PO = D WOl
i=1

|1) = e sinx siny |3) = e”**sin2x siny

|2) = e sinx sin2y |4) = e”sin2x sin2y

This choice follows that of Jiang et al. (1995), who
adopted |i). i=1.2 in their 2D model. In the Hilbert space
endowed with the inner product

_i " n2ax
(Flo) =5 | | e g dxay

the basis is orthonormal: (i|j) = &;;.

The system reduces to a set of four coupled nonlinear ODEs:

Y, +p¥, +q¥;+ N, =W,
Y, +u¥, +v¥, + N, = W,
Y, + m¥; 4+ oW, + N; =W,
Y, +s¥, +t¥, + N, = W,

The nonlinear terms N, are given by

4
N; = Z ij]ijkl'pk

J,k=1

so that the system can be written in compact form as follows:

dw
— LY =W W=G(t)w

The rank-3 tensor J 1s given by:

- C1Zyji — h123;‘k _ dlz2jk - h124jk

Uk h2yae, PP T hi4bd,
_haZyje + a2z - _haZajic + biZaji
37k h+a,c, % h2+b,d,
where )
Zijie = (i|Q)

and where Q is the symmetric tensor:

IQ;’R) = %[U)x(lk)xxy + Alk)yyy) g |k)x(|j)xxy , Alj)yyy)

_Ij)y(lk)xxx + Alk)yyx) - |k)y(|j>xxx 7 Alj)yyx)]

Pierini (2011,
J. Phys. Oceanogr.)



autonomous
system’s behavior

(G =vy)

dimensional t is used in the
graphs to keep memory of the
original physical problem

The model

I
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|
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Pierini (2011,
J. Phys. Oceanogr.)

transition to transition to chaos



- Periodic forcing



G(t) = y[1 + e sin(wt)] Periodic forcing

cyclostationarity cycloergodicity  chaotic solution

(b)

FIG. 3. (a) Projection of some of the aperiodic trajectories of Fig. 2 onto the 1 — W3 plane. (b) Intersection of 2475 trajectories of the PBA
of Fig. 2 with the W, — W3 plane at the times indicated in the panels [the axes correspond to those of panels (¢).(d)]: the patterns separated
by a 30-yr cycle are identical (periodic PBA). (¢) One cycle of the PBA of Fig. 2 obtained with 1800 trajectories. (d) Superposition of 1800
successive 30-yr intervals of a single trajectory (with the parameters of Fig. 2), whose initial times are all shifted back to r = 0.
(f) Intersection of the PBA of Fig. 2 with the W — W3 plane at r =20 yr for the four sets of ICs shown in panel (e).

t=20yr

tym

Pierini (2014b, J. Phys. Oceanogr.)

v=1.1,
Tp=30yr,
€=0.2

Note that the
autonomous
system with
y=1.1is
nonchaotic



Periodic forcing

G(t)=y[l +esin(wt)]

Pierini (2014b, J. Phys

v=1.1, €=0.2
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completely different evolutions — |
emerge from two basins of attraction,
as evidence in the plane set I

To characterized this behaviour, Pierini, Ghil
and Chekroun (2016) introduced a parameter c:

o(X,Y)=—

*

T

; [(Sn(r)dr

0

on (1) =4(t)/0(0)
(X, Y) = (¥1(0),¥3(0)) eI

This turns out to be a valuable tool for any type

of forcing (see later)

Periodic forcing

Pierini (2014b, J. Phys. Oceanogr.)

G: mean
normalized
distance




Periodic forcing

Onset of chaos due to periodic forcing

Ghil (2019,Earth Space Sci.):

Classical dynamical systems theory deals with closed systems, which are governed by models in which there
is no explicit time dependence whatsoever. These models are called autonomous, and the time independence
property plays a key role in the theory. For instance, given a system of two ordinary differential equations
(ODEs) in the plane, uniqueness of solutions essentially prevents self-intersection of the orbits, which can
only tend to fixed points or limit cycles. It takes either periodic forcing, as is the case for the Duffing or Van
der Pol oscillator, or three autonomous ODEs in Euclidean 3- D space as for the Lorenz (1963a) model, to
get deterministically irregular, chaotlc behavior.

Transition to chaos has Transition to chaos
been considered very due to periodic forcing
extensively in this case is less studied



G(t) = y[1 + esin(wt)]

autonomous non-chaotic case

O

1 Initial points / final points
1]

t=400 yr

] 15,000
initial points

Periodic forcing

y=1.1, T,=30 yr,

. nfy e =3 : * N T T o
o>1 is a necessary, but not o BARS R .‘*”‘s«;la B
sufficient condition for chaos N L A

transition
to chaos

Pierini, Chekroun & Ghil (2018,
Nonlin. Processes Geophys.)

this is the periodically forced chaotic case shown in a previous slide
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G(t) = y[1 + esin(wt)]

autonomous non-chaotic case

e=0@

Periodic forcing

’y=1.1, -[p=30 vr,

Pierini, Chekroun & Ghil (2018,
Nonlin. Processes Geophys.)

this is the periodically forced chaotic case shown in a previous slide
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Note that the PBAs of a periodically forced dissipative system are always periodic, but
the system can be either chaotic or nonchaotic depending on its parameter values



Pierini, Chekroun & Ghil (2018,

Pe ri Od i C fo rc i n g Non/;n. Processes Geophys.)

How to recognize chaos?
Pierini, Chekroun & Ghil (2018) proposed a cross-correlation
diagnostics to investigate the transition to chaos

. o>1 | | | :
al MMMMM\hh"mlim‘W"HMW! MWWWMWMHH!WM!W | A
: ’ 0 %0752 «(.‘\’._)’.r): ”
Wi «m‘» T A i A
ooo(c) ”% - o (d) z 05 o O(X.Y) =max{c(X.Y.7):t €[-T.T])

iflo<1] =1
_ {G)zl if the PBA is non-chaotic
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©®<<1 if the PBA is chaotic




Periodic forcing
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Nonlin. Processes Geophys.)
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- Aperiodic forcing



Pierini (2012, Phys. Rev. E)

C(t)] Aperiodic forcing

G(t) =]/[1+€O_—

excited
relaxation oscillations

. subcritical limit cycle .
subjected to an 50 —|
Ornstein-Uhlenbeck 4
noise i

subcritical limit cycle

y _ O 94 50 — -50 —
supercritical | b
relaxation oscillation 7 7
y = 1.02 7 (e=0.1, T;=0.1 yr) 1 (e=0.1, T;=2 yr)
T I 0 ] -100 L I ] -100 T T T T N ]
0 50 100 -50 0 50 100 -50 0 50 100
autonomous system perturbed excitable* system, perturbed excitable system,
no relaxation oscillations excited relaxation oscillations
*subcritical

Coherence Resonance
(Pikovsky and Kurths, 1997)



Pierini, Ghil & Chekroun

Aperiodic forcing (2016, J. Climate)

G(t) =y[1+ef(0)]

This idealized aperiodic forcing —
mimics the North Pacific
multidecadal variability in view

of a minimal representation of

the Kuroshio Extension
low-frequency variability

T
150

l

bl

The coherence resonance
mechanism cast in a
deterministic framework

is clearly playing a relevant role
in shaping the PBAs
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FIG. 2. Ensemble behavior of forced solutions of the double-gyre ocean model. (a) Time dependence of the total forcing 1 + f (), for
€ =0.2. (b),(c) Evolution of 644 initial states emanating from the subset I" in the (W, ¥3) plane for (b) y=10.96 and (c) y=1.1. (d),(e)
Corresponding time series of Py,. The set I is given by {—70 = ¥, = 150} X {150 = ¥; = 120}.



Aperiodic forcing

Pierini, Ghil & Chekroun
(20186, J. Climate)

restricted regions over the
PBA exist in which

two nearby points diverge
during their evolution and

two others do not

The corresponding subsets
are intertwined over the PBA

from box 4 . A

Intersection with the
(Y1, ¥3) plane at
t =330 yr of 15000
trajectories (gray dots) from box 3
emanating from the
whole set I', and from
boxes 3 and 4 (cyan
dots) and C (red dots)

Chimera-like behavior .~

A: “ ! —
box C \ . ,'
\‘ \ N
N \; -86
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Aperiodic forcing

This is another example
of idealized hindcast
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Fig. 1 Thick line: (1 + Hy ) defined in (2, 3) representing a schematic North Pacific multidecadal variability.
Thin line: total time dependence G/y = H

Pierini (2020, J. Stat. Phys.)
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Fig. 3 a Grey lines: graphical representation (750 trajectories) of the PBA of system (1) subjected to the forcing
y Hw; in the same panel the intersection of the PBA —as determined by 15,000 trajectories— with I" is shown at
t = 0 (black dots), t = 200 years (cyan dots) and 1 = 400 years (black dots). b Map of the decimal logarithm
of the probability of localization of the PBA trajectories, P; in I at t = 200 years (white colour corresponds
to minus infinity)



Aperiodic forcing

100 | ... disentangling the intrinsic and forced variability ...
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0
¥, . R
.40 — The ensemble mean depends crucially on intrinsic aspects of the LF
variability, therefore, it cannot be unambiguously identified with the FV if
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-120 . . . The ensemble mean of a high-resolution global OGCM is expected to depend
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Pierini (2020, J. Stat. Phys.)



- Monotonically drifting forcing



Pierini & Ghil

Monotonically drifting forcing (2021, Sci. Rep)

Definition of the time-dependent forcing

» Ramp R(t) given by half-a-cosine function

» Tipping point time tip

» Corresponding forcing amplitude G, (8 = 0)
or Gg, (B # 0)

G(t) = Y+ R (1)+ B sin( wt)

T
0 500 1000 1500 2000

For each value of t, an ensemble simulation (ES) of 168 members
differing only by their initial points is computed to estimate the
model’s PBA

The monotonically increasing component stands for the effect of
amplification in the midlatitude winds due to anthropogenic
warming, while the small periodic perturbations can be thought
of as the seasonal-to-interannual variability in the wind stress

ramp ramp + periodic perturbation
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The definition of a TP for the time-dependent forcing is extended to an ES as follows:
L, is the time at which, for the first time in any of the ES members, W3 < W3,



In all experiments

the final value of G is 1.2

Numerical

experiment | ¥y a B T (yr)
Expl 0903 0 -
Exp2 |08 |04 -
Exp3 0.9 | 0.3 | 0.025 5
Exp4 " " ] 0.050 o
Exp5 0.8 | 0.4 | 0.025
Exp6 " | " | 0050

Monotonically drifting forcing

Impact of ramp steepness &

The ramp steepness 6 of the forcing G(t)
can also be thought of as the drift rate:

t=(t1 +t2)/2

» Forcing level G, at the TPs decreases with
ramp length t and increases overall with
ramp steepness 6.

» A periodic perturbation lowers the forcing
level required to reach a TP: Gf, < G-

» Surprises occur where the PBA splits.

§ =aR;
T =
15|

Exp1 i
Exp2 4
Exp3
Exp4
Exp5

Exp6

Gep

Note that, in general, G, (or G;"p)
< depends on &, but also on the initial
valueof G =y

The forcing amplitude at the transition
Gep (01 Gip) 2 Ye=1asd -0

This is because an infinitely slow increase of
G(t) takes the system from the excitable
regime to the RO regime adiabatically through
a sequence of quasi-autonomous states
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Pierini & Ghil
(2021, Sci. Rep.)



Gip (or G,}"p) depends on §
but also on the initial value of G =y
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Monotonically drifting forcing

Pierini & Ghil
(2021, Sci. Rep.)

Exp1, Exp2
(B=0)

Exp3, Expb5
($=0.025)
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5 0.003 0.004

However, if the forcing is perturbed by a
periodic component (5 # 0) the scenario
changes drastically:

* The forcing level at the tipping point
decreases substantially

* over a certain range of & —values,
Gy (or Gzp) depends only on the drift
rate 6!

rate-induced tipping
in an excitable system

e.g., see Ashwin et al. (2012), Vanselow,
Wieczorek, and Feudel (2019), etc.



Monotonically drifting forcing

Nonlinear resonance

& Exp8 differ from EXP1 in that a periodic
forcing is now present, with T that varies from 1
to 100 yr, while T = 800 yr is constant.

The abrupt reduction of G{fp occurs for periods T
that are comparable to the typical time scale of
the ROs; thus, nonlinearly resonant—like
behavior seems to occur.

1.05 —

0.9

o=p=0

At these T-values, ROs arise for a forcing
amplitude G, that is appreciably smaller
than the value G =y = 1 required for the
autonomous system to transition from
the excitable to the self-sustained RO
regime.

0

|II}III|II\|\II|IIII|II|I\I|III|IIIIII

10 20 30 40 50 o0 70 80 90 100
T (yr)

Pierini & Ghil
(2021, Sci. Rep.)



Pierini & Ghil

Monotonically drifting forcing (2021, Sci. Rep)

Clustering of Trajectories and Phase Coherence

To study these aspects of the model’s ROs, Pierini (2014) proposed to use the parameter C, given by

o) = o /HP(MTUC( 1,7)dt with C H )tP(") /)
=g r with C(r.1,7) 22 [ (1) — T(t)H

to obtain information about the clustering and phase dependence ofensemble members. Here H(r — x)
is a Heaviside function that counts proximity of orbit pairs.

(1/n) < C <1, where n is the number of clusters defined by the distance r. TIID: total independence
from the initial data

For C = 1 one has only one cluster and, therefore, TIID.
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T (yr) The degree of clustering is basically preserved under periodic perturbation.
Thus, TIID appears to be a fairly robust feature




Conclusions

The pullback attractor is a mathematical tool required to characterize a nonautonomous dissipative

dynamical system. Thus, it is also an extremely power tool to reveal fundamental and often unexpected
dynamical features

The analysis of the PBAs of a low-order ocean model subjected to

- periodic forcing has revealed: - monotonically drifting forcing has revealed:

* the cyclostationarity and cycloergodicity of chaotic solutions * the peculiar way in which the tipping points, leading
» cases of generalized synchronization to a supercritical response, occur

* the ways in which chaos is induced by the forcing * cases of rate-induced tipping

- aperiodic forcing has revealed: * cases of nonlinear resonance

_ _ * the clustering of trajectories and phase coherence
* the role played by coherence resonance in shaping the response

* the difficulty of unambiguously disentangling the forced and intrinsic
variability in the presence of internal modes of variability

In all cases, the coexistence of completely different evolutions within the same PBA is found

Future studies include:
(i) Further analyses on aperiodic and monotonically drifting forcing cases (focusing on rate-induced tipping)
(ii) Application to phase space topology, templex (Gisela Chard’s talk on Friday)

(iii) Application of the same methodologies to the abrupt late Pleistocene glacial terminations according to
the deterministic excitation paradigm (Pierini 2023, Chaos)



References

Ashwin P., S. Wieczorek, R. Vitolo and P. Cox, 2012. Tipping points in open systems:
bifurcation, noise-induced and rate-dependent examples in the climate system. Philos.
Trans. R. Soc. A Math. Phys. Eng. Sci., 370, 1166—-1184.

Bddai T., G. Kdrolyi and T. Tél, 2011. A chaotically driven model climate: extreme events
and snapshot attractors. Nonlinear Processes in Geophysics, 18, 573—-580.

Chekroun M.D., E. Simonnet and M. Ghil, 2011. Stochastic climate dynamics: Random
attractors and time-dependent invariant measures. Physica D, 240, 1685—-1700.

Crucifix M., 2013. Why could ice ages be unpredictable? Climate of the Past, 9, 2253-2267.
Drotos G., T. Bédai and T. Tél, 2015. Probabilistic concepts in a changing climate: a snapshot
attractor picture. Journal of Climate, 28, 3275-3288.

Drotos G., T. Bédai and T. Tél, 2016. Quantifying nonergodicity in nonautonomous
dissipative dynamical systems: an application to climate change. Physical Review E. 94,
022214.

Ghil M., 2019. A century of nonlinearity in the geosciences. Earth and Space Science, 6,
1007-1042.

Ghil M., M.D. Chekroun and E. Simonnet, 2008. Climate dynamics and fluid mechanics:
Natural variability and related uncertainties. Physica D, 237, 2111-2126.

Ghil M. and V. Lucarini, 2020. The Physics of climate variability and climate change. Reviews
of Modern Physics, 92, 035002.

PenduffT., et al., 2014. Ensembles of eddying ocean simulations for climate. CLIVAR
Exchanges No. 65, 19, No. 2.

PenduffT., et al., 2019. Trends of Coastal Sea Level Between 1993 and 2015: Imprints of
Atmospheric Forcing and Oceanic Chaos. Surveys in Geophysics, 40, 1543—1562.

Pierini S., 2006. A Kuroshio Extension System model study: decadal chaotic self-sustained
oscillations. Journal of Physical Oceanography, 36, 1605-1625.

Pierini S., 2011. Low-frequency variability, coherence resonance and phase selection in a
low-order model of the wind-driven ocean circulation. Journal of Physical
Oceanography, 41, 1585-1604.

Pierini S., 2012. Stochastic tipping points in climate dynamics. Physical Review E, 85,
027101.

Pierini S., 2014a. Kuroshio Extension bimodality and the North Pacific Oscillation: a case of
intrinsic variability paced by external forcing. Journal of Climate, 27, 448-454.

Pierini S., 2014b. Ensemble simulations and pullback attractors of a periodically forced
double-gyre system. Journal of Physical Oceanography, 44, 3245-3254.

Pierini S., 2020. Statistical significance of small ensembles of simulations and detection of
the internal climate variability: An excitable ocean system case study. Journal of
Statistical Physics, 179, 1475-1495.

Pierini S., 2023. The deterministic excitation paradigm and the late Pleistocene glacial
terminations. Chaos, 33, 033108. Press Release.

Pierini S., M.D. Chekroun & M. Ghil, 2018. The onset of chaos in nonautonomous
dissipative dynamical systems: A low-order ocean—model case study. Nonlinear
Processes in Geophysics, 25, 671-692.

Pierini S., H.A. Dijkstra and A. Riccio, 2009. A nonlinear theory of the Kuroshio Extension
bimodality. Journal of Physical Oceanography, 39, 2212-2229.

Pierini S. & M. Ghil, 2021. Tipping points induced by parameter drift in an excitable ocean
model. Scientific Reports, 11, 11126.

Pierini S., M. Ghil & M.D. Chekroun, 2016. Exploring the pullback attractors of a low-order
guasigeostrophic ocean model: the deterministic case. Journal of Climate, 29, 4185-
4202.

Pikovsky A. S. and J. Kurths, 1997. Coherence resonance in noise-driven excitable systems.
Physical Review Letters, 78, 775-778.

Romeiras F.J., C. Grebogi and E. Ott, 1990. Multifractal properties of snapshot attractors of
random maps. Physical Review A, 41, 784.

Sévellec F. and A.V. Fedorov, 2015. Unstable AMOC during glacial intervals and millennial
variability: The role of mean sea ice extent. Earth and Planetary Science Letters, 429,
60-68.

TélT., T. Bédai, G. Drétos, T. Haszpra, M. Herein, B. Kaszas and M. Vincze, 2020. The Theory
of parallel climate realizations. Journal of Statistical Physics, 179, 1496-1530.

Vanselow A., S. Wieczorek and U. Feudel, 2019. When very slow is too fast—collapse of a
predator—prey system. Journal of Theoretical Biology, 479, 64—72.



https://royalsocietypublishing.org/doi/abs/10.1098/rsta.2011.0306
https://npg.copernicus.org/articles/18/573/2011/
https://www.sciencedirect.com/science/article/abs/pii/S016727891100145X
https://www.clim-past.net/9/2253/2013/
https://journals.ametsoc.org/doi/full/10.1175/JCLI-D-14-00459.1
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.94.022214
https://agupubs.onlinelibrary.wiley.com/doi/full/10.1029/2019EA000599
https://www.sciencedirect.com/science/article/abs/pii/S0167278908001139
https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.92.035002
chrome-extension://efaidnbmnnnibpcajpcglclefindmkaj/https:/www.clivar.org/sites/default/files/documents/exchanges65_0.pdf
https://link.springer.com/article/10.1007/s10712-019-09571-7
https://journals.ametsoc.org/doi/full/10.1175/JPO2931.1
https://journals.ametsoc.org/view/journals/phoc/41/9/jpo-d-10-05018.1.xml
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.85.027101
https://journals.ametsoc.org/doi/10.1175/JCLI-D-13-00306.1
https://journals.ametsoc.org/view/journals/phoc/44/12/jpo-d-14-0117.1.xml
https://link.springer.com/article/10.1007/s10955-019-02409-x
https://pubs.aip.org/aip/cha/article-abstract/33/3/033108/2881221/The-deterministic-excitation-paradigm-and-the-late?redirectedFrom=fulltext
https://publishing.aip.org/publications/latest-content/elegantly-modeling-earths-abrupt-glacial-transitions/
https://www.nonlin-processes-geophys.net/25/671/2018/
https://journals.ametsoc.org/doi/full/10.1175/2009JPO4181.1
https://www.nature.com/articles/s41598-021-90138-1
https://journals.ametsoc.org/doi/full/10.1175/JCLI-D-15-0848.1
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.78.775
https://journals.aps.org/pra/abstract/10.1103/PhysRevA.41.784
https://www.sciencedirect.com/science/article/pii/S0012821X15004495
https://link.springer.com/article/10.1007/s10955-019-02445-7
https://www.sciencedirect.com/science/article/pii/S0022519319302851?casa_token=D6U6wppZiJAAAAAA:PlrhXrmLggpApFurEOsiC3WcwNqN_d8H9cLchd-XufwjkE-gZ5FmK9WhqVugxA9CDDzJDIRechA

Press Release

AIP Search Q. PUBS.AIP.ORG AP AIP CHINA UNIVERSITY SCIENCE BOOKS &

:é‘_ Publishing RESOURCES PUBLICATIONS ABOUT ~

Elegantly Modeling Earth’s Abrupt Glacial Transitions
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Simple and intuitive model illustrates how climate cycles are influenced by our planet’s orbit.

From the Journal: Chaos

WASHINGTON, March 7, 2023 — Proxy data — indirect records of the Earth's climate found in unlikely places like coral, pollen, trees, and sediments
— show interesting oscillations approximately every 100,000 years starting about 1 million years ago. Strong changes in global ice volume, sea
level, carbon dioxide concentration, and surface temperature indicate cycles of a long, slow transition to a glacial period and an abrupt switch to a
warm and short interglacial period.

Milutin Milankovitch hypothesized that the timing of these cycles was controlled by the orbital parameters of the Earth, including the shape of its
path around the sun and the tilt of the planet. A slightly closer orbit or more tilted planet could create a small increase in solar radiation and a
feedback loop that leads to massive changes in climate. This idea suggests that there may be some predictability in the climate, a notoriously
complex system.

In Chaos, by AIP Publishing, Stefanc Pierini of Parthenope University of Naples proposed a new paradigm to simplify the verification of the
Milankovitch hypothesis.

—ie %
“The main motivation behind this study was the wish to characterize and illusirate the Milankovitch hypothesis in a simple, elegant, and intuitive
R y The Laurentide Ice Sheet covered most of
way,” Pierini said. northern Morth America during glacial

perinds. Credit: NOAA Great Lakes
Environmental Research Laboratory,
jan_ucc nau edu/~rcb7/nam_himl
Permission to re-use

Many models suggest that Milankovitch is correct; however, such methods are often detailed and study specific. They incorporate climate feedback
loops - for example, increased ice cover reflects more radiation back into space, leading to further cooling and more ice cover — as threshold
crossing rules. This means that an abrupt jump in climate only occurs once a parameter reaches a given tipping point.

Pierini’s “deterministic excitation paradigm” combines the physics concepts of relaxation oscillation and excitability to link Earth’s orbital parameters https:/iwww.flickr. com/photos/inoaa_glerl/8740576431
and the glacial cycles in a more generic way. The relaxation oscillation component describes how the climate slowly returns to its original glacier
state after it is disturbed. At that point, the excitability piece of the model captures the external erbital changes and friggers the next glacial cycle.

By using his own threshold crossing rules and adopting a classical energy-balance model, Pierini obtained correct and robust timing of the most recent glacial cycles.

“The application of the deterministic excitation paradigm in the present basic formulation can explain the timing of the last four glacial terminations,” he said. “Extending the same analysis to the
whole Pleistocene will be the subject of a future investigation.”

Pierini believes similar methods could be used in other fields of nonlinear science and in connection with other climate phenomena.
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The deterministic excitation paradigm and the late Pleistocene glacial terminations Stefano Pierini Parthenope University of Naples
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